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Abstract 

The N = 2 supersymmetric KdV equations are studied within the framework of 
Hirota's bilinear method. For two such equations, namely N = 2,a = A and N = 2,a = 
1 supersymmetric KdV equations, we obtain the corresponding bilinear formulations. 
Using them, we construct particular solutions for both cases. In particular, a bilinear 
Backlund transformation is given for the = 2, a = 1 supersymmetric KdV equation. 
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1 Introduction 



The theory of supersymmetric integrable systems has been an extensive research field for 
more than twenty years. As a consequence, many supersymmetric integrable equations have 
been studied and a number of interesting properties has been established. Among them, the 
most celebrated supersymmetric system is the supersymmetric Korteweg-de Vries (KdV) 
equation [HE]- It has been shown that, as its bosonic analogue, the supersymmetric KdV 
(SKdV) equation is a bi-Hamiltonian system [3], has Darboux and Backlund transformations 
[H E], can be casted into bilinear from [3 [H [9], etc. 

In the literature, there exist more than one supersymmetric extensions for the KdV 
equation. The most interesting ones are the N=2 supersymmetric KdV equations. The 
system was originally introduced by Laberge and Mathieu [TOl [11]. It reads as 

= -<^xxx + 3(0Pip20)x + - l)(2^i2^20')x + 3a0Vx (1) 

where = (f){x,t, 61,62) is a superboson function depending on temporal variable t, spatial 
variable x and its fermionic counterparts 6i{i = 1,2). Vi and V2 are the super derivatives 
defined by Vi = de^ + 6idx,T>2 = dg^ + 628^ and a is a parameter. In the sequel, we 
will refer to ([1]) as the SKdVa equation. This one-parameter family of equations ([1]) is 
integrable only for certain values of the parameter a. Indeed, Laberge and Mathieu in |10] 
have shown that for both a = —2 and a = 4, there exist Lax operators and Hamiltonian 
structures and infinite conservation laws. Then they [llj introduced SKdVi equation as 
a Hamiltonian equation with the N = 2 superconformal algebra as a second Hamiltonian 
structure. The Lax representations are given for SKdV_2 and SKdVi equations in [T2] . 
Kupershmidt (see ref. |1T]) observed that SKdV4 equation is actually a bi-Hamiltonian 
system while Oevel and Popowicz [3] constructed the bi-Hamiltonian structures for both 
SKdV_2 and SKdV4 equations based on r-matrix theory. A Painleve analysis is performed for 
the SKdVa equations in p3]. We also remark that N = 2 SKdV systems can be represented 
in terms of = 1 Lax operators [Ml [15]. 

The purpose of this paper is to study the SKdVa equation from the viewpoint of Hirota's 
method. Recently, Hirota's method has been applied to the supersymmetric integrable sys- 
tems and the equations considered includes SKdV equation |9l|6], supersymmetric MKdV 
equation [16], supersymmetric classical Boussinesq equation or supersymmetric two-boson 
equation [17]. As in the classical case, Hirota's method can be adopted not only for con- 
structing solutions, but also can be used for derivations of other properties. Therefore, this 
approach is very effective in the study of supersymmetric systems. 

The paper is organized as follows. In section 2, we will transform the SKdV4 equation into 
bilinear form and construct its solitons. In section 3, we first convert the SKdVi equation 
into bilinear form, then making use of this bilinear form a Backlund transformation and 
soliton solutions are constructed for this system. And a Lax representation can be worked 
out for the SKdVi equation. Final section contains a brief discussion. 
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2 SKdV4 equation 



In this section, we will consider the SKdV4 and show that it can be converted into a bilinear 
form. Our strategy to do so is first to rewrite this equation in terms of N=l formalism, 
then we embed it into the hierarchy of the supersymmetric two-boson system. Based on 
this connection, we provide a proper bilinear form for the SKdV4. We also construct soliton 
solutions for this system. 



2.1 Bilinear form 

From ([T]), our SKdV4 equation reads as 

3 



(2) 



let 

(P = v + e2p 

where v = v{t,x,9i) is a bosonic (even) function while /3 = f3{t,x,6i) is a fermionic (odd) 
one. Then the SKdV4 equation ([2]) in components takes the following form 

vt = [-v,, + QvVf3 + 3{Vv)f3 + Av^]^, (3a) 
A = [-Pcc.-6vVv,-3v,Vv + 3pvp + 12v'p]^, (3b) 

where and hereafter we use V = Vi for simplicity. Suppose that 

V = -iu, j3 = —a + -Vu 



where i = a/— 1, then the system fl3ati3bp is transformed into 

Ut = [—Uxx + 3aVu — QuVa — + 3uu^ ^ , (4a) 
at = [—axx — 'io!'Da — 3u^a — 3uax]^- (4b) 

It has been shown that above system and the supersymmetric two-boson (sTB) equation 
share the same hierarchy |15j. The system fl4ati4bp in fact is the third flow while the sTB is 
the second one. So we recall the sTB equation 



= {-Ux + + 2Va)x, (5a) 

ata = ("a; + 2ua)x. (5b) 

As shown in [17], through the following dependent variables transformations 

u = -(\n-j = -(fx, a = {V\ng)x = Vpx, (6) 
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the sTB equation is brought into the bihnear form 

{D,,+Dl)f-g = 0, (7a) 
S{D,,+Dl)f-g = 0, (7b) 

where the super Hirota derivative is defined as: 

01=02=0 

Now substituting the transformations ([6]) into the eqs. (l5aj) and (l5b1) . we obtain 

V^ia = -^xx - - '2pxx, (8a) 
Pt2 = Pxx - 2V'^{(p^Vpx). (8b) 



Observing that the eqs. fl5ati5bp or fl8ati8bl) and the eqs. fl4ati4bl) are the second and third 
fiows respectively, we now convert the latter into bilinear form. 

With the help of the transformations ([6]), the system Pa|) - fj4bl) is rewritten as 

[ft + fxxx + ^1^fx){1^Px) + QfxPxx + + ^<fxfxx]x = 0, 

{Vpt + Vpxxx + 3(plVpx - Sv^x'Ppxx + 3pxxT^Px)x = 0, 
integrating the above equations once and taking zero as the integration constants, we obtain 

ft + 'Pxxx + ^1^<fx){1^Px) +QfxPxx + fl + ^fxy^xx = 0, (9a) 

Vpt + Vp^^^ + 3v?^Ppx - 'ifx'Dpxx + ^pxxT^px = 0. (9b) 

For ( l9al) . we have 

1, 3 

= ft + ^{'fx + ^fxfxx + QfxPxx + 'fxxx) 

3 

+ -[V?^ + Sifx'fxX + QfxPxX + fxXX + 4:{'DLPx)(Vpx)] 

I 

= 'ft+^i'fl + ^'fxfxx + G^^xPxx + fxxx) 

3 

{fx{-fxx - fl - 2pxx) + {-(fxx - V^x - '^Pxx)x + '^[Pxx - 2V~^{(px1^Px)]x} 



ft + ^{fl + ^fxfxx + QfxPxx + fxxx) - -^{fxft2 + fxt2 + Spxia) 

l-[D,--^DxDt2 + \Dl)f.g (10) 
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and for (l9b|) . we have 

= ^ {-[v^^. + 3v9^v5^^ + 6v9a;P2:i: + v^xxx + 3(r'v5^)(r'p^)]r'</) 
3 

3 3 

3 3 
--V5x2^[Pxx - 2T>~^{(f^T>p^)] + -{ifxx + + 2p^cc)T>px 

3 1 

+ -V{(pxx + ipl + 2pxx)x + - [{ipl + Sipx'fxx + Q^xPxx + '^xxx)T>^p 

+3(pxV(pxx + V(fxxx + 2Vpxxx + 3(v9a;x + '^l + 2pxx)Vipx 
+G{Vxx + + 2pxx)'Dpx]] 
= - <^ v^iPv^ + Pv^t + 2Ppt - -[(v^xV^ia + '^xt2 + 2p^tJPv5 

1 S*!)^ / ■ ^ 

+V9t2 2^V5x + ^x'^^t2 + 2(pxT>pt2 + 2(pt.,T>px + Vcpxt^] + T f 

therefore, our SKdV4 equation assumes the following bilinear form 

(D,-^DxDt, + ^Dl)f-g = 0, (12a) 
SiD,-^DxD,, + ^Dl)f.g = 0. (12b) 

2.2 Solutions 

For a given system, Hirota's bilinear form is ideal for constructing particular solutions. Next 
we shall show that a class of solutions can be calculated for the SKdV^ equation. We take 



substituting the above expressions into the eqs. fll2al) and (112bl) and collecting the alike 
power terms, we have 

(13) 

5(A-!l?xA, + M)(/i-i) = 0, 



and for i > 1, 



(14) 
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From (fT3|) . we get 

3 1 3 1 

fit — -^flxt2 + -^flxxx = 0, l^ifit — -flxt2 + -^flxxx) = 0. (15) 

From eqs. (17a|) and (ITbl) . we may take [T7j . 

/lt2 = ~flxx, gi,t2 = 5'i,a;a; ~ '^kgi^x- (16) 

substituting the above expression into (ITH) . we get fu = —fixxx- Therefor, fi assumes the 
following form 

= ^kx-k'^t2-k:H+ee, ^j^y^ 

where k is an usual constant and ^ is a Grassmann odd constant. Then, substituting eqs. 
(flell and (in]) into we obtain 

gi,t ~\~ 3fc Qi^x '^kgi xx ~l" Qi^xxx — 0, 

{V- ^- Ok) {gi^t + 3/c^5fi,i: - 3%,^^ + fi-i,^^^) = 0. 
Accordingly we can choose 

„ _ ^kiX+ki{ki-2k)t2+k,{3kki-kf-3k'^)t+e^i 

so, we have 

N 

f = ^kx-k^t2-k^t+e^ g ^ I _^ ^kiX+ki{ki-2k)t2+ki{3kki-k^-3k^)t+eii ^j^g^ 

i=l 

These solutions have the remarkable property that they allow fusion and fission to take place 



3 SKdVi equation 



In above section, we succeeded to construct the bilinear form and a class of solutions for the 
SKdV4 equation. Now we turn to the SKdVi equation and study it from the viewpoint of 
Hirota's bilinear method. We will show that this system enjoys a simple bilinear form and 
a remarkable Backlund transformation. 

3.1 Bilinear form 

As in the case of the SKdV4 equation, we will work in the context of = 1 formalism. 
Therefore, let 

C(> = V + 92P 
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then from the system ([T]), our SKdVi equation in component reads as 

vt = [-v,^ + 3vVp + v%, (19a) 
A = [-P..-SvVv, + 3pvp + 3v''Pl. (19b) 

Now we introduce the following dependent variable transformations 

v = i(\n^ =zyp,, (3 = -{V\nfg)^ = -Vp^, (20) 
V 9 / X 



substituting the above expressions into the eqs. fll9atil9b|) . we obtain 



Vt + 'Vxxx + ^'Vxpxx + vl = 0, (21a) 
Vpt + Vpxxx + 'i^x'Dipxx + 'ipxxT^px + 'i'flT^Px = 0, (21b) 



for (12 lap , we have 



ft + fl + fxxx + ^fxpxx = Yg^Dt + Dl)f ■ ^ = 0, (22) 



and for (I21b[) . we have 



= Vpt + Vpxxx + ^(fxl^fxx + ^pxxT^Px + ^fx'^Px 

T^Pt + T^Pxxx + SipxT^^xx + SPxxT^Px + ^vIPPx + (V^t + '^xxx + 'i'^xPxx + ^l)T^^ 

= l-S{D, + Dl)f-g. (23) 
From the above eqs. ( I22ll23ll . we obtain the bilinear form for the SKdVi equation 



{D,^Dl)f-g = 0, (24a) 
S{D, + Dl)f-g = 0. (24b) 



Remark: This bilinerization is particularly simple and can be considered as a direct gener- 
alization of the bilinear form of the supersymmetric two-boson system fl7ati7bp . However, it 
is interesting that these two systems do not belong to the same integrable hierarchy. 

3.2 Backlund transformation 

Integrable systems often possess Backlund transformations, which may be used to construct 
solutions. Also, Backlund transformation is considered as a characteristic of integrability 
for a given system. In this section, we will derive a bilinear BT for the SKdVi system. We 
follow the paper [16] and our results are summarized in the following 
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Proposition 1 Suppose that {f,g) is a solution of eqs. I[24a ) and {24h^ , then {f',g') satis- 
fying the following relations, 



Dxg ■ f - D^f ■ g' = figf - jjfg', (25a) 

SD^g ■ f + SDJ ■ g' = fiSg ■ f + fiSf ■ g\ (25b) 

(A + Dl- 3fiDl + 3fi''D^)g ■ g' = 0, (25c) 

(A + Dl - 3fiDl + 3fi^D,)f ■ /' = 0, (25d) 



is another solution of l^24o\) and i24b\ ), where is an ordinary constant. 



Proof. We consider the following 

Pi ^ m + Dl)f-g]f'g'-fg[{D, + Dl)f-gl 
P2 = [SiDt + Dl)f ■ g]f'g' - fg[SiDt + Dl)f ■ g']. 

We will show that above eqs. f l25ap -( l25dl) imply Pi = and P2 = 0. The case of Pi can be 
verified as in [16j, so we will concentrate on P2 next. We will use various bilinear identities 
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i25cl25di 



JA.3IA.4t 



which are presented in Appendix A. 

P2 ^^V^ . g') . ff - gg' • (A/ • /')] + {Sf ■ gmf ■ g') - (DJ • g)iSf' ■ g') 

-3D4iSDJ ■ g') ■ (D^g ■ f) + {Sa^g ■ f) ■ (DJ ■ g')] + {Sf ■ g){Dlr ■ g') 
-{Dlf ■ g){Sf' ■ g') + S[{Dlf . n . gg' - //' ■ {Dig ■ ^0] 
-3D,[{SDJ ■ g') ■ {D,g ■ /') + {SD^g ■ f) ■ {DJ ■ g')] 

+ Dl)g . g'] ■ ff + [(A + Dl)f ■ /'] • gg'} 
+ iSf ■ 9)m + DDf ■ g'] - {Sf ■ g')m + Dl)f ■ g] 
-3D4{SDJ ■ g') ■ {D,g ■ f) + {SD^g ■ f) ■ {DJ ■ g')] 

+3^iS[{Dlg . g') ■ ff - gg' ■ {Dlf ■ /')] - 3^^'S[{D.,g ■ g') ■ ff - gg' ■ {DJ ■ /')] 
HSf ■ g)[{Dt + Dl)f . g'] - {Sf ■ g')\{D, + Dl)f ■ g] 
-3D,[{SDJ ■ g') ■ {D,g ■ f) + {SD^g ■ f) ■ {DJ ■ g')] 
+3f,D4{SD,g ■ f) ■ fg' + {D,g ■ f) ■ {Sg' ■ f) - {Sg ■ f) ■ {D,g' ■ f) 
-gf ■ {SD^g' ■ /)] - 3i?D.4{Sg ■ f) ■ fg' + gf ■ {Sg' ■ /)] 
+ {Sf ■ 9)[{Dt + Dl)f . g'] - {Sf ■ g')[{D, + Dl)f ■ g] 

-3D,[{SDJ ■ g') ■ {DJ ■ g' + ^igf - fifg') + {SD,g ■ f'){D,g ■ f - fxgf + fifg')] 
+3iiD4{SD,g ■ f) ■ fg' + {DJ ■ g' + ^igf - fifg') ■ {Sg' ■ f) 
+ {Sg ■ f) ■ {D^g ■ f - figf + fifg') - gf ■ {SD^g' ■ /)] 
-3fi'D4{SgJ')Jg' + gf-{Sg'J)] 
+ iSf ■ 9)[{Dt + Dl)f . g'] - {Sf ■ g')m + Dl)f " 9] 
3D,[{DJ ■ g' - fifg') ■ {SD, - fiS)f ■ g'] 
+3D,[{D,g ■ f - figf) ■ {SD, - fiS)g ■ f] 
HSf ■ 9)[{Dt + Dl)f . g'] - {Sf ■ g')[{D, + Dl)f ■ g] 
3D4{D,g ■ f - figf) ■ {SDJ ■ g' - fiSf ■ g' + SD^g ■ f - ^Sg ■ /')] 
+ {Sf ■ g)m + Dl)f ■ g'\ - {Sf ■ g')\{D, + Dl)f ■ g\ 
{Sf ■ g)\{D, + Dl)f . g'\ - {Sf ■ g')\{D, + Dl)f • g\. 



I25at 



I25at 



l25bl 



Since (/, (?) is a solution, it satisfies {Dt + -D^)/ ■ g = ^. Also, taking account of Pi = 0, it 
yields that {Dt + Dl)f' -g' = 0. Therefore, we finally have P2 = and the proof is completed. 

Next we will demonstrate that a spectral problem can be derived from the above BT. 
For this purpose, we assume 

m = f/f, n = g'/g, 
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then by simple manipulation, from eqs. fl25atl25cf|) we have 



+ rrupx + nyj^,. — + fim — fin = 0, (26a) 

niDifx + 2ipxT>n + nVipx — 2T>nx — 2fiVn — rnDpx — nDp^ = 0, (26b) 

nt - Sux^Pxx + ^n-xPxx + rixxx - '^^'U'^xx + Sfinpxx + SfiUxx + Sjj^Ux = 0, (26c) 

rut + ?>m^ip^^ + SnixPxx + mxxx + ^^^mipxx + 3yump^^ + ?>fim^^ + = 0. (26d) 

V{m+n)x+P'T>{m+n) + {m+n)Vpx+y:>x'I^{'m—n)+p,{m—n)V(p+{m—n^ = 0. 

(27) 

To obtain a more compact form, we introduce 

U = m — n, V = m + n, 
in these variables, and the eqs. fl26ati26d]) can be rewritten simply as 



Ux + ^xV + /it/ = 0, (28a) 
^J)U + VVx + iiVV + VVp^ = 0, (28b) 

Vt + SfiPxxV + SfUPxxU + Vxxx + ^<-PxxUx + SpxxVx + SfiVxx + 3/i^\4 = 0, (28c) 

Ut + SfipxxU + 3fi(fxxV + Uxxx + ^'^xxVx + SpxxUx + SfiUxx + = 0. (28d) 

Therefore we have the following 

Proposition 2 The compatibility condition of are the SKdVi equtions U9ci!\) 

and [IMl . 

Proof: Direct calculations. 
3.3 Solutions 

Since our SKdVi system fll9atil9b]) has fl24ati24b| as its Hirota's bilinear form, we may adopt 
the standard perturbation method to find its possible soliton-like solutions. By tedious 
but straightforward calculation, we find one-soliton, two-soliton and three-soliton solutions, 
which are listed in the following 
One-soliton : 

g = i-e^+'^. 

where rj = kx — k^t + Cq. 
Two-soliton : 



10 



Three-soliton: 



9 = 




where rji — kix 




4 Discussions 

In this paper, we study the N=2 SKdV equations within the framework of the Hirota bihnear 
method. For two of the three integrable cases, namely SKdV4 and SKdVi equations, we 
succeed in obtaining their bihnear forms. Wc also construct the solutions for both equations 
and find a simple Backlund transformation for the SKdVi equation. 

Our results are presented in the N=l form, so it is interesting to find if it is possible 
to study these N=2 equations within the N=2 form. Also, there is another N=2 SKdV 
equation-SKdV_2 and working out its bilinear form is an open problem. 

Acknowledgements. We should hke to thank Xing-Biao Hu and Sen-Yue Lou for 
interesting discussions. This work is supported by the National Natural Science Foundation 
of China with grant numbers 10671206 and 10231050. 

Appendix: some bilinear identities 

In this appendix, some relevant bilinear identities are listed. Proofs of these identities are 
straightforward so are omitted. Here a, b, c and d are arbitrary even functions of the 
independent variables x, t, and 9. 
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{SDj-a ■ b)cd — ah^SD^c ■ d) = S[{Dj;b ■ d) ■ ac — bd ■ {D^a ■ c)] 

+{Sa ■ b){D^c ■ d) - {D^a ■ b){Sc ■ d), (A.l) 
{SDla-b)cd-ab{SDlc-d) = -^D^[{SD^a ■ d) ■ {D^b ■ c) + {SD^b ■ c) ■ {D^a ■ d)] 

+S[{Dla ■c)-bd-ac- {Dlb ■ d)] 

^{Sa ■ b){Dlc ■ d) - {Dla ■ b){Sc ■ d), (A.2) 
S[{Dla ■ b) ■ cd - ab ■ (Die ■ d)] = D^[(SD^a ■ c) ■ bd + (D^a ■ c) ■ (Sb ■ d)] 

+D^[-{Sa ■ c) ■ {D^b ■d)-ac- {SDJ) ■ d)], (A.3) 

S[{D^a ■b)-cd-ab- {D^c ■ d)] = [{Sa ■ d) ■ be + ad ■ {Sb ■ c)]. (A.4) 
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